flD-fli27  726  HALLIAVIN'S  CALCULUS  AND  STOCHASTIC  INTEGRAL 
REPRESENTATIONS  OF  FUNCTIONA.  .  <U)  WISCONSIN 
UNIV-NADISON  NATHEHATICS  RESEARCH  CENTER  D  OCONE 
UNCLASSIFIED  FEB  83  HRC-TSR-2479  F7G  1271 


#Al27726 


Mathematics  Research  Center 
University  of  Wisconsin-Madison 
610  Walnut  Street 
Madison,  Wisconsin  53706 


February  1983 


I 


(Received  October  18,  1982) 


a 


Sponsored  by 

U.S.  Army  Research  Office 
p.  0.  Box  12211 
Research  Triangle  Park 
lorth  Carolina  27709 


Approved  for  public  releas 
Distribution  unlimited 


MAV  0 


88  05  06-116 


Wu 


/  OTIC  ^ 
I  CO  pv 

V  liwpscn 

UNIVERSITY  OF  WISCONSIN  -  MADISON  " 

MATHEMATICS  RESEARCH  CENTER 

MALLIAVIN 'S  CAIiCtJLUS  AND  STOCHASTIC  INTEGRAL  / 
REPRESENTATIONS  OF  FUNCTIONALS  OF  DIFFUSION  PROCESSES 


;;is  gr a&t- 
eric  tab 

Unannounced 

JustificatI 


Daniel  Ocone 


Technical  Summary  Report  #2479 


February  1983 


ABSTRACT 


?t  rib^T^T  " 

■A  VT‘  i  i  °  -?  i  ,•*  ~  ' 

— . ,bllity  Codes 

‘  nnd/or  ~ 

"  ;  *•  racial 


A 


If  F  is  a  Fr4chet  differentiable  functional  on  C[0,1],  b  = 

{b(t)|0  <  t  <  1}  is  a  Erownian  motion,  and  =  o{b(s)|s  <  t},  Clark's 

/If  f 

„  E{X  (s,H;  •)  | B  }db(s),  where  X  (du;b)  is 

u  — S 

the  measure  defining  the  Fr^chet  derivative  of  F  at  b.  In  this  paper  we 
extend  Clark's  formula  to  the  more  general  class  of  weakly  H-dif ferentiable 
functionals,  and  we  give  a  simple  proof  based  on  Malliavin's  calculus.  Again 
using  Malliavin  calculus  techniques,  we  also  derive  Haussmann's  stochastic 
integral  representation  of  a  fur'.tional  F(y)  of  the  diffusion  process  dy  = 
m(t,y)dt  +  o(t,y)db.  In  doing  this,  we  show  that  y(t)  is  weakly  H- 
dif ferentiable  if  m  and  a  have  bounded,  continuous,  first  derivatives  in 
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In  stochastic  analysis,  we  often  encounter  functionals 
F(y(s);  0  <  s  <  t)  of  a  diffusion  process  y(*);  e.g. ,  the  solution  of  a 
stochastic  differential  equation  is  a  functional  of  its  stochastic  input;  an 
estimate  E{x(t)|y(s),  0  <  s  <  t}  of  a  random  process  x(t)  based  on 
observing  y(s),  0  <  s  <  t,  is  a  functional  of  y(»).  A  theory  of  such 
functionals  making  essential  use  of  the  randomness  in  y( •)  is  therefore  of 
interest.  For  example,  it  is  possible,  and  useful,  to  find  fairly  explicit 
representations  of  such  functionals  by  stochastic  integrals,  and  formulas  of 
Clark  and  Haussmann  give  such  representations  in  the  cases  that  F  is 
FrSchet  differentiable  (plus,  technical  conditions)  and  either  y  is  Brownian 
(Clark)  or  y  is  an  Ito  process  (Haussmann). 

>  The  recent  invention  of  the  so-called  Malliavin  calculus  has  also  led  to 
new  advances  in  the  analysis  of  functionals  of  Brownian  motion.  Basically, 
the  Malliavin  calculus  is  a  method  for  integrating  by  parts  in  function  space 
and  with  respect  to  Wiener  measure.  One  version  of  the  theory  can  be 
developed  through  the  use  of  the  Clark-Haussmann  formulas  (Bismut).  Another 
approach  uses  a  second-order,  self-adjoint  operator  on  functionals  and  the 
natural  concept  of  differentiation  in  Wiener  space,  the  H-derivative. '  Let 
H  ■  {■ylY(t)  «  /q  Y*  (s)ds,  Jg  (Y’(s)2)ds  <  •}.  Then  if  b(»)  is  a  Brownian 
motion,  b( • )  +  y( • )  generates  a  measure  absolutely  continuous  w.r.t.  Wiener 
measure  iff  Y  G  H.  Hence  it  makes  sense  to  consider  only  derivatives  in  H 
directions,  DF(b) *Y  =  ^  F(b+sY) | where  Y  e  H. 


(  *  u 

In  this  paper, -we 


/io 

show  that  this  second  form  of  Malliavin' s  calculus 


leads  to  a  very  simple  derivation  of  Clark's  integral  representation. of 
F(b(*)),  where  b(«)  is  Brownian,  and,  at  the  same  time,  extend  the  result 
to  the  broader  and  more  natural  class  of  H-differentiable  functionals.  -  This 
demonstrates  the  equivalence  of  the  two  approaches  to  Malliavin* s  calculus  and 
leads  to  a  nice  interpretation  of  Clark's  formula. T"  We  then  use  Malliavin 
calculus  techniques  to  rederive  Haussmann' s  representation  of  F(y)  if  y  is 
a  diffusion  process.  In  doing  this  we  show  under  fairly  weak  smoothness 
conditions  on  the  diffusion  coefficients  of  y{»),  that  y(t)  must  itself  be 
H-dif  f erent iable . 


The  responsibility  for  the  wording  and  views  expressed  in  this  descriptive 
summary  lies  with  MRC,  and  not  with  the  author  of  this  report. 
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MALLIAVIN'S  CALCULUS  AND  STOCHASTIC  INTEGRAL 
REPRESENTATIONS  OF  FUNCTIONALS  OF  DIFFUSION  PROCESSES 

Daniel  Ocone* 

1.  Introduction 

Let  (b(t)|0  <  t  <  1}  be  a  standard.  Brownian  motion  and  «  c{b(s)|0  <  s  <  t)  the 

filtration  it  generates.  Suppose  F(b)  is  a  functional  on  Brownian  paths,  and 

2 

E[F  ( b ) ]  <  •.  Then,  according  to  martingale  representation  theory,  there  is  a  B-adapted 
process  f(t)  such  that  E [F{ * ) | B^]  =  /jj  f(s)db(s),  almost  surely,  for  every  0  <  t  <  1. 

In  [2],  Clark  showed  that  if  F  is  FrSchet  differentiable  and  satisfies  certain 

technical  regularity  conditions,  then 

f(t)  =  E  {  XF  ( ( s ,  1  ] »  • ) | >  a.s. 

P 

for  each  0  <  t  <  1,  where  X  (du;b)  denotes  the  signed  measure  associated  to  the 
Frfichet  derivative  dF<b).  As  a  consequence 

(1.1)  F(b)  -  /’  EtXP((s,1)»  * ) I Sg ) db ( s )  . 

In  15],  Haussmann  extended  this  formula  to  functionals  F(y(*))  of  processes  y(t) 
satisfying 

(1.2)  dy  *  m(t,y)dt  ♦  0(t,y)db,  y(0)  «  yQ  e  R 

where  m(t,y)  and  O(t.y)  are  causal  functionals  of  y(»).  Since  y(t)  “  y(t,b),  G(b)  ■ 
F(y(*,b))  defines  a  Brownian  functional,  and,  roughly  speaking, to  find  a  representation 
for  F(y )  one  applies  (1.1)  to  G.  Ignoring  hypothesis  on  m,  o  and  F,  Haussmann's 
result  states  that 

(1.3)  F(y)  -  /g  ®{/(s  , j  XF(du»y)Z(u)Z  1 ( s ) | >  a(s,y)db(s) 

in  which  Z  solves  the  equation  of  first  variation  associated  to  (1.2),  (see  (4.5)). 

(1.1)  and  (1.3)  have  appropriate  versions  for  multi-dimensional  y  and  b. 

Other  proofs  of  (1.1)  and  (1.3)  than  those  originally  given  by  Clark  and  Haussnann 
have  become  available.  Davis  (31  shows  that  the  form  of  (1.3)  arises  quite  naturally  from 
potential  theoretic  arguments.  Haussmann  [6]  and  Bismut  (1)  recover  these  formulas  neatly 

• 
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by  using  a  Girsanov  transformation,  and,  in  Biamut's  case,  results  on  stochastic  flows. 
These  alternate  approaches  do  not  significantly  generalize  the  conditions  on  F,  b,  and 
<J. 

Bismut  [1]  also  contains  a  significant  application  of  (1.3).  He  uses  (1.3)  as  the 
basis  for  an  alternative  development  of  the  Malliavin  calculus.  The  Malliavin  calculus, 
basically  a  theory  of  integration  by  parts  for  functionals  on  Wiener  space,  can  also  be 
derived  by  introducing  a  self-adjoint  operator  which  acts  on  square  integrable,  Wiener 
functionals  and  which  is  the  infinite  dimensional  analogue  of  the  Ornstein-Uhlenbeck 
generator  (Malliavin  [8],  Shigekawa  [111,  Stroock  [9,  10]).  [1]  shows  that  the  Haussmann 

formula  in  effect  achieves  an  integration  by  parts. 

It  is  of  interest,  therefore,  to  determine  whether  the  Clark  and  Haussmann  formulas 
are  more  general  than  the  Malliavin  calculus,  or,  conversely,  whether  the  operator  version 
of  the  calculus  leads  to  these  formulas.  In  this  paper,  we  resolve  this  issue  by  using  the 
Malliavin  calculus,  in  its  manifestation  due  to  Stroock  [9]  and  Shigekawa  [11],  to  prove 
(1.1)  and  (1.3).  The  exercise  contains  several  points  of  interest.  First  we  find  that 
Clark's  formula,  (1.1),  is  a  simple,  immediate  consequence  of  the  sx>st  basic  properties  of 
the  Malliavin  calculus,  and  so  we  obtain  a  nice  explanation  of  its  form,  second,  we 
identify  what  seems  to  be  the  proper  class  of  functionals  F  for  which  to  frame  Clark’s 
formula  (see  theorem  (3.1)).  These  are  the  weakly  H-differentiable  functionals  ([11]), 
i.e.  functionals  that  are  differentiable  in  a  weak,  Sobolev  sense  in  the  direction  of  any 
absolutely  continuous  function.  Our  formulation  explains  the  technical  conditions  placed 
on  F  in  previous  statements  of  Clark's  formula;  they  insure  that  F  be  weakly  H- 
differentiable.  Section  2  previews  H-differentiability  and  those  elements  of  the  Malliavin 
calculus  needed  to  prove  Clark's  formula  in  section  3. 

In  section  4,  we  prove  Haussmann's  formula,  again  using  Malliavin  calculus  results, 
but  restricting  the  treatment  to  coefficients  m  and  0  such  that  m(t,y)  “  m(t,y(t)) 
and  o(t,y)  -  o(t,y(t)).  To  do  so  requires  that  we  prove  the  weak  H-differentlability  of 


y(t)  under  weaker  conditions  on  m  and  a  than  have  been  previously  considered  (see  (9, 
10]  and  [111).  This  is  done  in  theorem  (4.14),  in  which  it  is  shown  that  bounded 
continuity  of  the  y-derivatives  of  m  and  o  suffices  for  weak  H-differentiability. 


2.  Differential  Calculus  in  Wiener  Space 

This  section  gives  a  brief  resume  of  the  Malliavin  calculus  as  presented  in  Stroock 
[9]  and  of  the  notion  of  weak  H-differentiability  (Shigekawa  [11])  and  its  connection  to 
Stroock* s  set  up.  The  following  notation  shall  be  used  in  the  rest  of  the  paper.  (B,  B, 
U,  B t)  will  denote  d-dimensional  Wiener  space  with  the  standard  filtration,  that  is, 

B  -  (b  e  C([0,T]|  Rd)|b(0)  -  0>,  ^  “  o{b(s)|0  <  s  <  t>,  B.  ”  _B  1 ,  and  |i  -  Wiener  measure 
on  (B,  B).  Ibl  “  sup  |b(t)|  will  denote  the  sup  norm  on  B.  We  shall  also  use  the 


Hilbert  space 


H  «  {y  t  B  |  r  is  abs.  cont.  and  /J  <y*  (s) , y*  (s)>ds  <  •} 


equipped  with  the  inner  product  <Y.j  "  /q  <Y.|  (•)  #  i  s  H  ♦  B  is  the 

inclusion  map,  it  is  well  known  that  (i,H,B)  is  an  abstract  Wiener  space  and  that  u 

extends  the  Gauss  measure  on  H.  We  shall  be  concerned  with  derivatives  of  functionals 

F  j  B  *  R.  The  FrSchet  derivative  of  F  will  be  written  dF(b),  or,  in  its  guise  as  a 

F  F  F 

d-vector  of  signed,  Borel  measures  1  (ds;b)  “  ( X.|  (ds;b) , .. . ,  Xd(daib) ).  In  other  words 
dF(b)'u  “  /J  <u(s) ,XF(ds»b)>  for  u  6  B. 

The  derivative  appropriate  to  Wiener  space  is  not  the  Frjchet  derivative  but  the 
H-derivative. 

(2.1)  Definition  If  DF(b)  is  an  element  of  H  such  that 

|F(b+y)  -  F(b)  -  <y,DF(b»Hl  -  o(lrlH) 

for  every  y  e  H,  F  is  said  to  be  H-dif ferentiable  at  b  and  DF(b)  is  called 
its  H-derivative. 


If  F  is  FrCchet  differentiable  and  ]  (  H, 

dF(b)«Y  -  /’  <Y(s),Xr(dsib)>  -  <Y* (s) , XP( (s,1] ,b)ds  . 

It  follows  immediately  that  F  is  then  H-dif ferentiable  and 
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(2.2) 


circumstances 


1 


(2.8)  Lemma.  Let  F  :  B  ♦  R  satisfy 

i)  F  is  continuous  and  H-diffarentiable  (as  in  (2.1)) 

ii)  df( b)  is  strongly  measurable  (OF(b)  -  H-derivative  of  (2.1)) 

iii)  There  exist  positive  constants  K,  a  such  that 

|F(b) |  +  | DF ( b ) I H  <  JC(1  +  Ibl*)  . 

Then  F  e  H ( 2 )  and  the  weak  H-derivative  coincides  with  DF  p-almost  surely. 

Proof.  Let  {T*n*},  where  T*n*  is  given  by  0  *  t*n*  <  t|n^<***<  tjj1*  -  1  ,  be  a 
sequence  of  partitions  that  becomes  dense  in  [0,1]  as  n  +  •.  If  b  e  B,  let 


b(n,(t) 


b(t;n,> 


t  -  t 


(n) 


*i.,  ii 


if  t‘n>  <  t  <  t["J 


Likewise  define  Fn(b)  -  F(b*n*).  For  each  n,  FR  is  FrSchet  differentiable  and 

<DF  (b),y>„-  <DF(b<n,),Y<n)>„.  Also,  because  lim  lb-b(n) I  -  0  and  lb(n)  I  <  Ibl  for 
n  H  H  n~ 

every  b  e  B,  it  is  clear  from  assumptions  i)  and  lit)  and  dominated  convergence  that 

lim  B(F— F  )2  »  0.  Thus,  to  prove  that  F  e  H(2),  it  is  enough  to  show  that 
n*w  n 

sup  |F  |_  <  •  (see  (2.7)).  However,  since  <DF  (b),Y>„  -  <DF(b<n* ) , Y<n*>„,  (iii)  implies 
n  n  z  n  it  H 

that  IF  (b)|2  +  |DF  (b)|2  <  |F(b<n,)|2  +  |DF(b(n>)|2  <  [K(1  +  Ibl*)]2.  It  follows 
n  n  H  H 

immediately  that  sup  |F  | ,  <  «. 

n  z 
n 

Let  n(b)  be  the  weak  H-derivative  of  F.  It  remains  to  show  that  n(b)  -  DF(b) 
H-a.s.  where  DF(b)  is  defined  as  in  (2.1).  For  this  it  suffices  to  show  that  for  each 
Til  and  t  >  0, 

*{[F(bttY)  -  F(b)]G(b)}(  -  E[G(b)  Jjj  <DF(b+SY),7>ds]  ) 

(2.9) 

-  E[G(b)  /*  <n(b+sY)»7>Hds] 

for  each  G  8  L  (B,|i) •  Indeed,  if  (2.9)  is  true,  then 

(2.10)  <DF(b+8Y),Y>H  -  <H(b4-sY),T>H 


•5' 


for  all  Y  e  H,  for  (Lebesgue)  almost  all  a,  u-e.s.  Let  u  -  measure  induced  on  B  by 

®T 

0(  • )  +  sy(*)  where  0  is  a  standard.  Revalued  Brownian  motion.  Since  ~  U»  (2.10) 

implies  that  <DF(b),Y>u  “  <n(b),Y>„  for  all  Y  €  H,  u-a.s.,  or,  in  other  words,  that 

DF(b)  -  n(b)  u-a.s.  To  establish  (2.9),  begin  by  noting  that  F  is  the  weak  limit  in 

H( 2)  of  a  subsequence  {7  }.  In  particular,  for  every  6  e  L*(B,u)  end  every 

"k 

2 

ten,  lim  E<DF  (b),YG(b)>„  -  B<n(b) ,YG(b)>  .  Likewise,  since  —r-1  e  L  (B,u)  uniformly 
k>-  "k  "  "  dM 

for  fixed  Y  on  compact  subsets  of  s, 

lim  E<DF  (b+sY),  YG(b)>„ 
k—  "k  H 

»  Kh(b) ,  YG(b-sY»H 

-  E<h(bfsY).  YG(b)> 

H 

and  {E<DF  (b+sY) ,  YG(b)>  ,}  is  uniformly  bounded  on  compact  subsets  of  s.  Thus,  again 
"k  H 


invoking  i)  -  iii). 


E[F(b+tY)  -  F(b)]G(b)  -  lira  E[F  (W-tY>  -  F  (b)]G(b) 

k—  \  "k 


lira  E  /!:  <0F  (b^sY).  Y>„ds  G(b) 

k-M.  0  nk  H 


E  /*  <H(b+sY),  Y>Hds  G(b) 


as  desired. 


The  Malliavin  calculus  introduces  another  differential  operator  on  L  (B,u)  which  is 
the  analogue  of  the  finite-dimensional  Ornstein-Uhlenbeck  operator.  To  define  this  most 
directly  we  first  recall  the  Ito-Wiener  decomposition 

L2(B,u)  -  e  i(n) 


I*"’  -  </J  /o1-/oVlf(*1 . Vd8i  (sn,**d3i/(V'  1  4  *k  <  d' 

n  1 


f  e  L2({0,T]n,dx)} 


is  the  apace  of  n  order,  multiple  atochaatic  integrals.  Alternatively  stated,  if 
F  «  L2(B,g)  and  P<n)  s-  Projll^’ 

F  -  l  P(n)F  . 
n«0 

(2.11)  Definition 

AT  -  -  l  f  P,n>F 

n-0 

If  F  e  D2  »  DU)  , 

D(A)  -  {F  «  L2(B,U)|£  n2B(P(n>F)2  <  •}  . 

0 

It  turns  out  (sas  (9])  that  A  Is  a  non-posltiva  definite,  self-adjoint  operator  that 
generates  an  Ornetein-Uhlenbeck  type  Markov  semigroup.  Moreover,  if  G(p)  - 
Dj  ft  {E[ |F|p  +  |AF|P]  <  •) ,  A|Gp  extends  consistently  to  a  closed  operator  Ap  on 
Lp (B,u)  for  p  >  1»  that  is,  Ap|D(Ag)  ■  A^  if  q  >  p.  Without  causing  any  ambiguity, 
we  shall  drop  the  subscript  p. 

(2.12)  Lewma  [9]  If  F,  G  e  Dj,  then  F*G  e  D1  . 

(2.13)  Definition.  Let  F,  G  -  Dj. 

7F*7G  -  AFG  -  FUG)  -  G(AF)  . 

A  and  VF*VG  are  the  basic  tools  of  the  Malliavin  calculus.  The  following  theorem 
collects  some  basic  facts  about  their  use. 

(2.14)  Theorem  [9] 

a)  Let  F,  G  e  D2  and  assume  i),  ■  F  is  B^-measurable,  ii)  G  is 
o{b(u)  -  b(t)|t  <  u  <  Immeasurable.  Then 

A(FG)  -  FUG)  -  G(AF)  . 

b)  If  F,  G  e  D2,  then  E7f*7G  -  -2BFAG. 

Shigekawa  [11]  defines  A  by  using  higher  order  weak  H  derivatives.  We  prefer 
Stroock's  direct  approach  (2.11)  since  we  shall  utilise  his  applications  to  stochastic 
differential  equations.  However  it  is  important  for  us  to  connect  D2  to  weak  H- 
differentiability.  The  notation  7f*7G  introduced  in  (2.13)  begs  an  analogy  to  a  gradient 
inner  product.  The  next  result  makes  this  precise. 


(2.15)  Theorem 


1)  D2c  h(2 ) 


il)  If  F,  G  e  Dj,  then  7F*7G  -  <DF,DG> 


N  .  .  M  .  . 

Proof.  Lot  F  -  l  p'  'f,  G  -  l  p'  ;G  where  N,  m  <  •.  Then  results  of  Shigekawa  [11] 
0  0 

directly  iaply  F,  G  e  H(2)  and  7f*7g  -  <DF,DG>„.  For  general  F  e  D,,  let 
»  H  « 


N 


F„  -  l  P(n,F.  Then 
N  0 


(2.16) 


lie  K[|Fh  -  F|2  +  |AF  -  AFh|2]  -  0 


(2.17) 


11*  *1 7F  *7F  -  7F*7f|  -  0  . 

N  N 


(2.16)  is  immediate  and  (2.17  is  proved  in  [9].  since 


E|DFN  -  DFm'h  ■  E7<PN  -  V7(rH  -  V 


“ -2e(fm  -  Va(fh  ‘  V  ‘ 


DFn  is  Cauchy  in  L  (B,yjH).  Thus  F  e  H(2).  Moreover 


(2.18) 


E|7FN,7FN  "  '"ft  “  *1  |DrN,H  "  ,DF|h' 

<  [sup  [b1/2|dfnI2  +  *1/2|DF|2]E[|D(FN  -  f) I2]  . 

n 


(2.17)  and  (2.18)  together  imply  7f»7F  “  <DF,DF>  .  The  general  statement  (11)  follows 

H 

from  the  polarization  identity. 


The  following  extension  of  (2.14)  a)  will  be  useful  later. 

(2.19)  Corollary.  If  F,  G  @  Hj  and  F  is  B^-measurable  and  G  is 
o{b(u)  -  b(t)|t  <  u  <  Immeasurable.  Then  <DF,DG>H  ■  0. 


Pf.  Approximate  F  and  G  by  smooth,  cylinder  functions 


3.  Clark' a  formula 


In  this  section  we  will  prove  the  following  theorem  and  show  that  it  is  a  general 
version  of  Clark's  formula. 

(3.1)  Theorem.  Let  F  e  H(2)  and  let  a(t),  0  <  t  <  1  be  any  bounded.  Revalued,  B^- 
adapted,  measurable  process.  Then 

E{F(b)  <a(s),db(8»>  -  E{<DF(b),  /  a(s)ds>H> 

-  E{/’  <[DF] '(s),a(s)>ds)  . 

In  (3.1),  as  in  Clark's  formula,  we  equate  an  expression  involving  P  to  one  involving 
OF.  In  fact,  using  the  following  corollary  of  (3.1),  we  may  easily  derive  previous 
statements  of  Clark's  formula. 

(3.2)  Corollary.  Assume 

i)  F  is  H-differentiable  (as  in  (2.1))  for  each  b  6  B 

ii)  DF  is  H-measurable 

iii)  There  exist  positive  constants  K  and  a  such  that 

|F(b)  |  ♦  |OF(b)|H  <  ICO  +  |b|*)  . 

Then 

(3.3)  F(b)  -  /’  <E{[DF(*)J  •<s>|B||},db(s)>  w-a.s. 

In  particular,  if  F  is  also  Frfichet  differentiable 

(3.4)  F(b)  -  /’  <E(lF((s,1)»*)|BBJ,db(s)>  p-a.s. 

Proof.  A  simple  application  of  martingale  representation  theory  (see,  eg.  [7] )  shows  that 
(3.3)  is  equivalent  to 

(3.5)  e{f( b)  <a(s),db(a)>}  -  E{/J  < [DF( b) ) ' ( s) , a(s)>ds} 

for  all  bounded,  adapted  processes  a.  However,  according  to  lemma  (2.8),  F  e  H(2)  and 
its  weak  H-derivative  is  DF.  (3.5)  is  then  immediate  from  theorem  (3.1).  (3.4)  follows 
from  (3.3)  because  (see  (2.2))  [DF(s)]'(s)  »  XF((s,1];b)  if  F  is  Frfichet 


differentiable 


Ill*  identity  (3.4)  was  first  provsd  by  Clark  [2]  for  functionals  F  that  are  Frfchet 
differentiable  and  for  which  the  remainder  R(bj,b2)  »  F(bj+b2)  -  F(b1 )  -  dF  ( b^ ) *b2 
satisfies  iRfb^b^l  <  Mlb2l1+^(1  +  Ib^ I®) (1  ♦  Ibjl®)  for  ioh  positive  constants  M, 

6,  and  a.  Davis  [3]  requires  that  F  be  Frfchet  differentiable,  XF( »>b)  be  weakly 
continuous  in  b,  and  |F(b)|  +  ldF(b)l#  <  K(1  ♦  lbla)  for  sons  K,  a  >  0  where  I  l#  ■ 
total  variation  none  of  X  .  Both  of  these  conditions  iaply  hypothesis  i)  -  Hi)  in 
corollary  (3.2),  and  hence  require  that  F  6  H(2).  Thus,  the  condition  that  F  6  H(2)  is 
■ore  general,  and,  as  will  appear  frca  the  proof,  the  theoretically  natural  one  for  which 
to  state  Clark's  f omuls.  Theorem  (3.1)  thus  explains  the  conditions  of  Clark  and  Davis t 
they  guarantee  the  weak  H-differentiability  of  F. 

To  prove  theorem  (3.1)  we  first  establish  the  following  lemma,  which  is  a  direct 
consequence  of  basic  properties  of  the  Malliavin  calculus. 

(3.6)  Leans.  Let  a  be  a  smooth  Revalued  cylinder  function  and  assume  a  is  Im¬ 
measurable.  Let  T  >  t.  If  F  <  1(2),  then 

d 

E{J  a  <DF,D(b  (t)  -  b. (t) )> } 

(3.7)  1  1  1  1 

-  *{F<o,b(T)  -  b(t)>  }  . 

Renark.  4~D(b.(T)  -  b.  (t))(s)  -  1..  (s)e.  where  e,  is  the  standard  basis  vector 

'  1  1  lt#TJ  1  * 

with  1  in  the  ith  position.  Thus 

v  rl 

(3.8)  l  ai<DF,D(b1(T)  -  b1(t))>JJ  -  /’  < [DF]  1  (s) , «  1  (t  (s)>ds  . 

Proof  of  (3.6).  It  suffices  to  prove  (3.6)  when  F  is  a  smooth  cylinder  function  also, 

because,  if  F  e  H(2),  (2.6)  guarantees  the  existence  of  a  sequence  {F  }  of  smooth 

n 

cylinder  functions  such  that  lin  |F  -  F|_  -  0.  Since 

n—  n  2 

|E{(F-F  )<a,b( t)  -  b( t ) > } | 
n 


|Blo.<D(r-r  ),  D(b. (x)  -  b. (t) )>  ] | 

L  n  l  in 

<  *1/2|o(r-rB)|J  *1/2taJ(r.t)2l  . 

limit*  a«y  be  taken  on  both  aid**  of  ( 3 •  7 )  to  prov*  the  com  F  e  H( 2 ) .  Thus,  iwm  F 
1b  smooth  and  1st  #  -  b^x)  -  b^t).  Fro*  (2.14s)  Afl^  ■  ♦  (A^)^,  snd,  by 

dsflnltlon  A^  ~  ~  2  ^1*  Tharafora<  using  the  sslf-sdjointnsss  of  A 

*{o1<DF,D*1>h)  -  B{a1(AFti  -  FAfA  -  ♦jAF]} 

-  l{Ft1A«1  -  e^FA^  -  FtO^A^  ♦  ^A^J  ) 

-  -2*FU1A»1  -  BF«1^1  . 

□ 

Proof  of  (3.1).  Zt  suffices  to  prove  (3.1)  for  bounded,  adapted  simple  process.  For  a 

general  bounded,  adapted  a(a),  let  a  (e)  be  a  sequence  of  simple  process  such  that 

n 

11*  *  fl  I*  (e)  ~  a(s)|2ds  -  0 
n*» 

Then  it  is  a  simple  matter  to  show 

li*  *<F  /’  <a  (s),d0(s)>>  -  *{F  /’  <<Ks),d0<s)>} 
n*~ 

11*  |{<0F,  /J  aR(s)ds>H}  -  *{<DF,  /’  a(s)ds>H> 
n*— 

and  so  prove  the  general  case. 

Nov,  for  simple  functions,  it  is  enough  to  treat  the  case  a(s)  *  at,  , (s),  where 

It,  TJ 

a  is  measurable  and  bounded.  Leamut  (3.6)  and  the  raMrk  following  prove  this  case 

if,  in  addition,  a  is  smooth.  To  treat  a(s)  ■  dl^  ^  ( s)  when  a  is  not  smooth, 
choose  a  sequence  of  smooth,  B^-measurable,  cylinder  functions  such  that 
li*  B|o~a  | 3  ■  0.  it  My  easily  be  shown  that 


,lr  /J  tt1(t,T]<*)d*J  -  lia  EtF  V(t.fl<‘,dBl 


-  li*  B[  <DT,  /J  V(t,T](e)d,>H] 


-  *(  or,  /J  «(t  T]  (s)ds>H)  . 


This  c depletes  the  proof. 


4.  Tha  Hauasaann  formula. 

Lat  y  m  (y(t)  «  0  <  t  <  1}  ba  the  iP-valued  diffusion  that  solves 

dy(t)  ■  a(t,y)dt  +  0(t,y)db 


(4,1) 


y(0)  -  y0  . 

_H  .  » 


We  as  sum  yQ  e  j*,  e(t,y)  i  [0,1]  *  *  *  R  and  ff(t,y)  t  [0,1]  x  ♦  R  ■  ■  are  Borel 

aeaaurable  in  (t,y)  and  continuously  differentiable  in  y  for  each  t,  b(t)  is  d- 
dinensional,  standard  Brownian  notion,  and 


(4.2) 


sup 

tO ,y€RN 


-zrl  <  -  i  <  i,  j  <  » 


sup 


tO.yoF 


»0, 


ay. 


<•  1  <  i,  k  <  M  ,  1  <  j  <  d 


(4.3) 


sup  |n(t,0)|  +  lo(t,0)  I  <  •  . 
t<1 


Note  that  (4.2)  and  (4.3)  iaply  that  there  exists  a  constant  K  such  that 

(4.4)  sup  |a(t,y)|  +  sup  lo(t,y)l  <  K(1  ♦  |y|)  • 

tO  to 


Standard  existence  theoresw  then  guarantee  a  unique,  strong,  a.s.  continuous  solution 


y(t)  of  (4.1) 


The  equation  of  first  variation  associated  to  (4*1)  is 

d 

dz  -  3  *(t,y)*Z  At  *  l  3  Ot(t,y)*Z  d^ 


(4.5) 


y 

Z<0)  - 


i-i 


(In  (4.5)  o  denotes  the  1th  column  of  o. )  (4.5)  has  a  unique,  ■**  •  R^-valued 
solution  Z(t),  which  is  invertible  for  each  t.  Indeed,  W(t)  ■  Z-1 (t)  satisfies 

d 

dW  -  W  •  (-a  m(t,y)  +  l  ta  0  (t,y)]  ]dt 
Y  i-1  y 


(4.6) 


VS 

-  W  •  l  a  C^t.yjdb  , 


i-1 


W(0)  -  I  . 

Z(t)Z_1(s),  0  <  s  <  t  <  1  then  serves  as  a  state  transition  matrix  for  (4.5). 

Let  I  I ,  denote  the  total  variation  for  signed,  ^-valued  Borel  measures.  Let 

b(H)  .  c([0,1)»^*)  n  {b|b(0 )  -  0>.  In  this  section,  we  prove 

(N) 

(4.7)  Theorem  (Haussmann).  Let  r  i  B  ♦  R  be  Frdchet  differentiable  and  suppose 

i)  XF(b)  is  weakly  continuous  in  b 

(4*8)  F  a 

ii)  | F ( b ) |  +  I  Xr(b)lA  <  K( 1  +  lb I  )  for  some  K,  a  >  0  . 

Then 

(4.9)  K[F(y)  fg  <a(s)  ,db(s)>]  -  *t/J  XF(du»y)Z(u)Z_1  (s)0(s,y(s) )  ,a(s)>ds) 

for  every  bounded  ^-adapted  process  (a(t)  |  0  <  t  <  l). 

(Remark.  In  (4.9),  XF  is  interpreted  as  a  row  vector.) 

The  condition  (4.8)  imposed  on  F  is  the  same  as  that  given  in  Davis  [3].  However, 
less  restrictions  are  placed  on  m  and  o  in  the  present  treatment  because  we  do  not  rely 
on  potential  theoretic  results.  Haussmann' s  [5]  original  statement  of  the  theorem  actually 
allows  m(t,y)  and  0(t,y)  to  be  causal  functionals  of  y,  although  more  stringent 
regularity  conditions  are  placed  on  F.  He  shall  indicate  below  how  the  proof  given  here 
might  be  extended  to  deal  with  such  coefficients. 


Our  strategy  for  proving  (4.7)  begins  from  ths  observation  that  y(*,b)  is  a 
functional  of  Brownian  paths  and,  hence,  that  F(y)  defines  the  Brownian  functional 
G(b)  “  F(y(*,b)).  Thus,  roughly  speaking,  to  derive  (4.9)  it  is  only  necessary  to  show 
that  G  e  H( 2)  and 

[DG<b)]‘(s)  -  J.  ,,  AP(du.y)Z(u)Z-1  (s)  U(s,y(s)  ) 
p  1  J 

and  then  to  apply  theorem  (3.1).  To  be  more  precise,  we  actually  need  to  show  that  y(tib) 

e  8(2)  and  to  confute  Dy(t).  In  the  case  that  m  and  a  satisfy  (4.2),  (4.3)  and,  in 

addition,  possess  slowly  growing,  continuous,  second  derivatives  with  respect  to  y, 

Stroock  [9,  10]  establishes  that  y(t)  6  »  for  every  p  >  1  (see  discussion  after 

(2.11))  and  i[  sup  ly.(t)|2p+  l*y,(t)|2p+  | Vy . { t > -V. ( t) | p]  <  •,  1  <  i  <  H,  and 

[0,1]  1  1  11 

Shigekawa  [11]  contains  similar  results.  Thus  when  m  and  o  are  C2,  y(t)  e  H(2)  is 
certainly  true.  In  theorem  (4.14)  we  extend  this  anslyis  by  showing  that  y(t)  €  n  H(p) 

p>1 

even  if  the  C2  assumption  is  dropped,  and  by  calculating  Dy(t).  The  C2  assumptions  in 

previous  work  are  necessary  only  to  prove  the  stronger  result  that  y(t)  is  in  the  domain 

of  the  second  order  operator  A.  Since  'O'  is  a  first  order  operator  only  continuous 

differentiability  of  m  and  0  is  needed  for  weak  H-differentiability  of  y(t).  Theorem 

(4.14)  is  the  crucial  step,  and,  once  it  is  established,  the  proof  of  Haussmann's  formula 

follows  easily.  Thus,  to  extend  this  method  to  m(t,y)  and  a (t,y)  which  depend 

functionally  of  y,  it  would  be  necessary  to  generalise  theorem  (4.14)  appropriately  and 

obtain  the  natural  analogue  to  equation  (4.15)  for  Dy(t). 

We  begin  with  some  preliminary  lemmas.  The  first  concerns  how  the  property,  F  €  H  , 

P 

behaves  under  the  transformation  p(F)  for  a  function  +. 

(4.10)  lemma.  Let  ♦  »  R**  ♦  B  be  a  C1  function  such  that 

!♦(*>!  ♦  l  ||*-  (x)]  4  K(1  ♦  |x|«) 
i-1  8  i 

for  some  K,  a  >  0.  Let  q  >  (a+1)  and  F  -  (F,,...,Fn)  «  (H(q))n  -  H(q)  *•••*  H(q). 

Then  if  p<  q/a+1 ,  p(F)  e  H(p)  and 

n  a  • 

(4.11)  D4(F(b))  -  l  (F(b))DF1(b)  . 


L 


.VMVU.%.. 


& 


In  particular,  if  re  8("),  0(F)  «  H<-). 

Proof.  (4.11)  is  straightforward  to  satabllah  If  4  has  compact  support  and  F  is  a 
smooth  cylinder  function.  If  F  (  llllq))',  1st  Ffc  ♦  F  in  (R(q))n  as  k  •  whara 

Fk  ara  smooth  cylindar  functions,  and  taka  limits  in  (4.11)  still  assuming  4  to  hava 
compact  support.  Whan  4  doas  not  hava  compact  support  lat  <^(x)  -  +(x)p(xA)  whara 
p(x)  e  C1 ,  p(x)  -  1  for  | x |  <  1.  p(x)  -  0  for  |x|  >  2  and  0  <  p(x)  <  1,  Vx.  Taka 
limits  as  k  ♦  •  to  aehiava  tha  final  rasult.  Tha  condition  p  <  q/a+1  insuras  that 
E(D(#(F))P  <  •. 


Tha  sacond  la 


addrassas  a  similar  issua.  What  can  ba  said  about  tha  waak  H- 


m 


diffarantiabily  of  tha  intagral  /*  f(s,x(s))ds  ♦  <a(s,x(s)),  db(s)>  if  x(t)  ia  a 

0-adapted  procass  such  that  x(t)  €  I"**  "fill  ,  *  t  <  1) 

P  P 

(4.12)  Lanma.  Lot  f(s,x)  :  [0,1]  »  tf1  *  B,  a(s,x)  t  [0,1]  *  *  wP  be  maasurable  in 

(s,x)  and  continuously  diffarantiabla  in  x  for  aach  s.  Suppose  that  |+(x)|  + 

I||J-  <x)  |  <  k(  1  +  |x|*)  for  soma  K,  a  >  0  if  ♦  -  f(s,x)  or  a^s.x),  s  «  1.  Lat 

^  (•< 
x(t)  ba  a  B^- adapted  procass  such  that  x(t)  SB  ,  t  <  1,  |Dx(t)lH  has  a  maasurable 

version,  and  E[^u^  |x(t)|p  +  |Dx(t)|p]  <  "  for  each  p  >  1.  Than  if 

v(t)  -  /£  f (s,x(s) )da  ♦  /J  <a(s,x(s) ),db(s)> 

v(t)  «  for  each  t,  0  <  t  <  1.  Also  El  sup  |Dv(t)|p]  ■  H  <  ■  and  il  depends 

(0,1)  »  P  P 

only  on  p  and  B[  sup  |x(t)|p  +  |Dx(t)|p]. 

[0,1]  H 

Proof.  Tha  proof  is  no  different,  except  in  notational  complexity,  if  wa  assume 

N  ■  d  -  1.  Consider  tha  first  term  s(t)  “  a(s,x(s) )db(s) .  Note  that  for  aach  s, 

0  <  a  <  1,  a(s,x(s))  «  and  a(s,x(s) ) [b(t)  -  b(s)]  «  H*"*  because  of  lamas  (4.10) 

Furthermore  E(  sup  |a(t,x(t))|p  ♦  |Da(t,x(t) ) |p]  *  I  <  ■  for  aach  p  >  1  whara  K_ 
[0,1]  Hp  P 

depends  only  on  E[  sup  |x(t)|p  ♦  |Dx(t)|p]  <  •,  K  and  a,  for  aach  p  >  1.  Now  lat 

[0,1] 

(T(">)  ba  a  sequence  of  partitions  of  [0,1],  and  define 


a<B,(s,x(a)>  -  l  a(t.,x(t.))1,.  .  ,(•)  . 

<*)  1  ‘*1'  i+1J 


ti« 


Using  ths  — thod  in  Doob  [4] ,  p.  440,  choose  {T^B^ }  so  that 
list  /’  b|s(s,x(s) )  -  a<B>(s,x(s))|2ds  -  0.  Clearly,  fr<»  the  above,  it  follows  that 


s(B)(t)  -  f*  a<B,(s,x<a))db(s> 


l  ^“’^.xlt^JtWt  t)  -  b(tt  t)] 

*  -»<*> 
tiCT 


is  in  H*"*,  and,  for  each  p  >  1,  lin  K|s(t)  -  *lB,(t)|2  -  0.  Thus  to  conclude  that 

*(t>  «  H1"*  is  is  sufficient  to  show  that  sup  *|ds(b)  (t>  |{j  <  •  for  every  p..  In  the 

m 

following,  let  b(At)  -  b(tAt)  -  b(t  „t).  We  want  to  study 


,<*) 


.(*) 


«'“'<t)  -  <DS  (t) ,  Ds  (t)> 


H 


(4.13) 


l  <D[a(tl,x(tt))b(At1)l,  Dlattj.xCt^WAtj)^  . 


tj.tjCT 


For  each  i,  DtaU^xtt^  )b(Ati)l  -  a(t1>x(t1)  )Db(  At1>  ♦  (Da(t1,x(ti>  )b(  At^.  Moreover,  if 
i  <  j,  corollary  (2.9)  iaplies  that 


Oatt^xUjM,  Db(AtJ)>H  -  0  . 


Likewise,  it  is  easy  to  compute  <Db(At1>,  b(At1)>|J  ■  (t1+1*t  -  By  applying 

these  identities,  ths  individual  tars  of  (4.13)  becomes,  if  i  <  j. 


<D(a(t1,x(t1))b(Ati)),  Dta(tJ,x(tJ))b(Atj)]>H 

-  <D(a(ti,x(t1))b(Atl)l ,  Datt^xlt j)  )>H  b(At^) 

♦  <Da(ti,x(t1) ),  Oa(t^,x(t ^ )>H  <ti+1  t  -  tA  t)*^  . 


Sinning  and  rearranging  these  terns  in  (4.13)  gives 


C<B,(t)  -2  /*  <Ds<B,(s>,  Ca(m,(a»Hdb(s> 

♦  /J  [|D«<m)(*>lJ  ♦  |a(-,(s)|J]dB  . 

It  follows  from  the  Burkholder-Gundy  lnaquality  that 

*IC(-)(t)lp/2  <  Kp  fg  *l<Ds<M,(a),  Da(B,(s»Hlp/2ds 

♦  Kpt5-1  /$  l |Da{*^ (■) I  jj  ♦  |a*(s)|plds 

«  K"  ft  (1  +  *|«<")<e)|p/2)da  ♦  K"tp 
P  o  P 

-  K ■  £  K| {"(e)  |P^2ds  ♦  K"(t+tP> 

P  0  P 

whara  and  K”  dapand  only  on  p  and  Kp  lndapandantly  of  a.  By  tha  Gronwa  11- 

Bellman  lnaquality  sup  B|Da*"*(t)|p  »  sup  E|  ^(t)  |p^2  <  ••  Ails  collates  tha  proof  for 

m  * 

z(t),  and  tha  tarm  /  f(s,x(s))ds  la  traatad  similarly. 

□ 


Thasa  raaulta  prapara  us  for  proving  tha  weak  H-diffarantiability  of  solutions  to 


(4.1). 

(4.14)  Theorem.  Let  y(t)  be  tha  solution  of  (4.1)  and  assume  that  conditions  (4.2)  and 

(4.3)  are  satisfied.  Then  y(t)  e  H*"*  for  all  t  €  [0,1]  and 

T*t  _ 

(4.15)  Dy(t)(T)  ■  fg  Z(t)Z-1 (s)0(s,y(s))ds  . 

Ha  first  prove 

(4.16)  La—a.  Assume  in  addition  to  tha  hypotheses  of  theorem  (4.14)  that  m  and  a  are 
twice  continuously  diferentlable  in  y  and  that  tha  second  derivatives  are  slowing  growing 
functions.  Than  y(t)  t  H*  *  and  (4.15)  is  valid. 

Proof.  Consider  tha  usual  Picard  iteration 


y<0)(t)  i  y„ 


y(nM  ){t)  -  y  ♦  /*  m(s,y(n>(s))ds  ♦  /!j  o(s,y'n>(s))db(s)  . 


Stroock  [9]  shows  that  for  each  n,  yn(t)  e  D  , 


for  all  t  and  for  all  p  >  1,  and 


|Oy'n'(t)lH  has  •  meesurable  version .  Furthermore, 


lia  I  sup  |y(t)  -  y(n){t)|p  -  0  p>1 


and  sup  l[  sup  (|y*nNt)|p  +  |Ay*n\t)|P  *  |Dy*n*  (t)  |P)1  <  “.  Lsau  4.12  iaplies  that 
n  [0,1] 

y<n)(t)  €  H*"'  for  saeh  n.  Proa  thsss  observations  it  follows  that  y(t)  «  H* ,  as 
dssirsd. 

It  reawins  to  provs  (4. IS)  undar  ths  addsd  assuaptlons  of  ths  lsaaa.  Let  h  e  H ' , 
n(t)  -  /*  <h'  (s) ,db(s)>  and  S^tt)  “  <Oyk<t),h>H  . 

Than,  using  Stroock's  [9]  application  of  Malliavin  oaloulus  to  stochastic  d.a.'s 


^(t)  -  <Dyk(t),  0*i<t)>H 
-  7yk(t)*7n(t) 


■  It  l  (•.y<«>)CA(s)ds 
i-1  yi 

.  H  d  3ot. 

♦  /n  I  5,(s)  I  xf*  (s,y(s))db  (s) 
0  i-1  *  3-1  **1  3 


'S  I  ‘ 


In  other  words 


a 

dC(t)  -  3  "(t,y(t))*C(t)dt  l  3  o  (t)»t(t)db  (t) 

y  j-!  y  3  3 


♦  «<t,y(t))h'(t>dt 


5(0)  -  0  . 


Ths  solution  of  this  aquation  is  pracisaly 

r  i  _  ft  . 


5(t)  -  /J  Z(t)z""'(s)c(s,y(s))h,(s)de  , 


and  Dy(t)(T)  -  /Q  Z(t)z“1(s)o(s,y(s))ds  follows  directly. 

Proof  of  thcoraa  (4.14).  Assuaa  a  and  C  satisfy  (4.2)  -  (4.3).  Lat  p  €  Cgl**)  such 
that  /  pdx  -  1  and  p  >  0,  and  lat  Pn(x)  "  ndp(nx).  Dafina 
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(4.17) 


(t,y)  -  (0  *n(t,»>)(y) 
n 


.(n) . 


o  (t.y)  -  (p*«(t,*))(y) 

n 

dy  (t)  -  ■(B>(t,y.)dt  ♦  ff<B)(t,y  )« 


y  (0)  -  0 
n 


dZ  •  )  I 

“  y 


.(B) 


<***«> *,«dt  ♦ 
Ik  n 


d 

I 

i-i 


a  (0)  -  i  . 

n 

It  My  be  shown  that  n*n)  *  n  and  o*B*  ♦  a  uniformly  on  compacts  as  n  ♦  w.  Moreover, 
for  aach  n,  n^"*  and  o*B*  satisfy  tha  hypothasas  of  lean*  4.12,  and,  thara  is  a 
constant  K'  such  that 


(4.18) 


l*<B,(t,y)|  ♦  lo{B)(t,y)l  <  IC’d  ♦  | y  | ) ,  and 

|m<B,(t,y)  -  m(B,(t,x)|  ♦  lo(B)(t,*)  -  o(n)(t,y)l 

<  K’|*-y| 


for  ail  0  <  t  <  1,  for  ovary  n.  Thsaa  facts  provide  a  sufficient  basis  to  prove,  with  a 
standard,  Gronwall-Bellsan  inequality  argument, 

(4.19)  lin  8{  sup  |y  (t)  -  y(t)|p>  -  0 

n*~  0<t<1 

for  every  p  >  1. 

By  construction  of  s^B'  and  and  loams  4.12,  y  (t)  «  «**'  for  each  n. 

n 

Thus,  proving 

(4.20)  lin  B|Dyn(t)  -  ylP  -  0 


^  —1 

for  every  p  >  1,  where  j(r)  -  JQ  z(t)z  (s)o(s,y(s))ds  is  sufficient  to  prove  that 
y(t)  e  H*  and  Dy(t)  is  given  by  (4.19).  However,  it  is  easy  to  see  that  (4.20)  holds  if 
(4.19)  is  true  and 

(4.21)  lin  l(  sup  >8  (t)  -  Z(t)lp)  -  0 

n*w  0<t<1 
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(4.32) 


11a  ■(  sup  "  *_1(t)l?)  -  0 

0<t<1  * 

for  every  p.  (IZI2  -  Z| 1 2 > -  Thus,  to  complete  the  proof  wo  need  only  verify  these 
limits. 

An  ansy  oxtsnslon  of  theorem  5.2  In  [12]  shows  that  (4.18).  (4. 2).  (4.3)  and  tha 
condition  (4.23  below  are  enough  to  guarantee  (4.21 )i 
¥t  <  1,  C  >  0,  M  <  • 

(4.23)  lim  P{  sup  l[3  m<n)(t,y  )  -  8 m(t,y>] *Zl  >  e)  -  0 

n+-  I2I2<M  Y  y 

d  .  , 

lim  P(  sup  I  J  [3  oln'(t,y  )  -  3  o  (t,y)]*Zl  >  e)  -  0  . 

n-M*  IzI2<m  1-1  y  1  y 

Since  3  m(t,y)  is  continuous  in  y,  >  i(t,y  )  ♦  3  m(t,y)  as  n  ♦  -  for  each  t,  and, 
y  y  **  a 

since  a  m<n>  ♦am  uniformly  on  compacts  as  n  ♦  -,  and  sup  E|yQ(t)|  <  “, 

y  y  n 

a  mtn,(t,y  )  5  a  m(t,y)  as  n  ♦  -  for  each  t.  This  proves  that 
y  n  y 

9  m*“*(t,yn)  5  3^m(t,y),  n  ♦  -,  which  is  enou^i  to  verify  the  first  limit  in  (4.23). 
Completely  analogous  arguments  demonstrate  the  limits  in  (4.23)  involving  o^.  This 
completes  the  proof  of  (4.21).  Since  Z-1  satisfies  equation  (4.6),  and  z"1 (t)  the 
analogous  equation  with  m  and  o  replaced  by  and  (4.23)  and  the 

additional  condition 

lim  »(  sup  lz(  l  [3  o,n,(t,y  )]2  -  [3  a(t,y)l2l,  >  e)  -  0 
n—  |z|<m  i-1  y  "  y 

for  every  0  <  t  <  1,  e>0  and  M  <  — ,  suffice  to  imply  (4.22).  But,  this  last 
condition  is  true  fay  repeating  the  arguments  from  (4.23).  This  completes  the  proof. 

O 

Proof  of  theorem  4.7.  First  suppose  that  the  theorem  is  true  if,  in  addition  to  satisfying 
the  hypothesis  of  theorem  4.7,  F  is  a  cylinder  function  F(x)  -  +(x(t  ^ ), . . .  ,x(tn) ).  In 
this  case,  note  that  (4.8)  implies  a  iB  C1  and 

U(x)|  ♦  ll  |f-  (x)|  <  K(1  +  lxl*>  . 

1  ayi 


(4.24) 


To  prove  the  general  case,  let  {T^}  be  a  sequence  of  partitions  of  [0,1]  and  define 

x(n)  for  x  e  B  as  in  the  proof  of  lenu  2.8.  Likewise,  define  FR(x)  -  F(x(n>).  Then 

if  F  satisfies  (4.8),  li*  F  (y(*,b))  -  F(y(*,b))  a.s.  and  there  exists  a  subsequence 

n—  n 

nk  such  that 


(4.25) 


<1  ■«(.,.!  X  "" 
‘  ll  X” 


(ds»y)Z(t)Z 

(dsiy)Z(t)Z 


(s)o(s,y(s))|aa}db(s) 
(s)o(s,y(s) ) |aa>db(s) 


A  nice  proof  of  (4.25)  is  given  in  Davis  [3]  and  will  be  omitted  here.  Now  if  (4.7)  is 
true  for  cylinder  functions 

(4.26)  F  (y( • ,0) )  -  /’  E {/.  1  n(ds»y)Z(t)Z_1(s)ff(s,y(s))|B  }db(s)  , 

n  u  v  s « l  j  o 

using  (4.25)  to  take  limits,  we  find  that  this  equation  is  true  if  Fn  is  replaced  by 
any  P  satisfying  (4.8).  Since  (4.26)  and  (4.9)  are  equivalent,  this  completes  the  proof 
once  the  cylinder  function  case  is  established. 

Thus  let 

F(y)  «  ♦(y(t1),...,y(tn))  -  9(y)  . 

Since  y(t. )  e  H*”'  for  1  <  i  <  t  ,  and  since  9  satisfies  (4.24),  we  find  from  lemma 
l  n 

(4.10)  and  (4.15)  that  P(y)  e  H<")  and 

DF(y)'(s>  -  l  |5“  (y)Z(t.)z“1(s)0(s,y(s))1  ,  . 

i-1  *yl  i; 

“  /,«  n  *F(du»y)z(u)z  1  (s)o(s,y(s) )  . 

I  »f  »  J 

For  such  F,  (4.9),  and  hence  (4.26),  are  direct  consequences  of  Clark's  formula  (3.1). 

□ 
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